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Projective Geometry

Perspective deformation can be modelled with 2D projective transformation

Projective geometry provides a mathematical formalism to describe the geometry of
cameras and the associated transformations -> help designing computational approaches
in visual computing.
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Projective Geometry

Projective geometry generalizes definitions and properties, e.g. two lines always interesect, and
encompasses affine and Euclidean geometries as subgroups of transformations.

Key Aspect -> Infinity is modeled in the projective geometry.
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Projective Geometry - Definitions
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Projective Geometry - Definitions
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Projective Geometry - Definitions

7



Projective Geometry - Properties
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Projective Geometry - Properties
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Projective Geometry - Properties
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Projective Geometry - Properties
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Projective Geometry – Plane 
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Projective Geometry – Plane 
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Projective Geometry – Plane 

Transformation hierarchy 14



Projective Geometry – Plane 
Exercises

1. How can we determine a homography H given 4 point correspondences ?

2. Show that ifH is a homography that transforms points then the associated

transformation for lines is: H
�t
.

3. Show that a�ne transformations preserve parallelism but not projective

transformations.

4. Show that collinearity and concurrence are preserved by projective trans-

formations.
<latexit sha1_base64="pGsHYYvhCuhUnBR26XmBnar1CUA="></latexit>
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3D Geometry
3D elementary transformations

Translations:

Rotations:
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3D Geometry
Projections

Parallel projections Perspective projections
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3D Geometry
Parallel projections: Orthographic projections

x or y axis

Optical (z) axis

Image plane

Image point (X,Y,0)

World point (X,Y,Z)

k
O

Orthographic projection matrix

O is the origin, the projection is perpendicular to the image plane
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3D Geometry
Perspective projections

O

x or y axis

Optical (z) axis
f Image plane

Image point (x,y,z)

World point (X,Y,Z)

O is the projection centre, the optical axis the ray going through O and perpendicular to the 
image plane, f the focal length.
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3D Geometry
Perspective projections

O

x or y axis

Optical (z) axis

Image point  (x,y,z)

World point   (X,Y,Z)

x or y
X or Y

Z
f
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3D Geometry
Perspective projections

O

x or y axis

Optical (z) axis

Image point  (x,y,z)

World point   (X,Y,Z)

x or y
X or Y

Z
f

Using thales:   X/x = Z/f and Y/y=Z/f
Thus: x=f X/Z, y= f Y/Z, z=f. 
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3D Geometry
Perspective projections

O

x or y axis

Optical (z) axis

Image point  (x,y,z)

World point   (X,Y,Z)

x or y
X or Y

Z
f

Using thales:   X/x = Z/f and Y/y=Z/f
Thus: x=f X/Z, y= f Y/C, z=f. 

Perspective projection matrix 22



3D Geometry
Perspective projections
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3D Geometry
Perspective projections

Vanishing point 

d
d

d

Parallel lines  intersect at infinity at the same location which, once projected, defines a vanishing 
point.  
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Vanishing points in perspective paintings

La cène, Leonardo Da Vinci

3D Geometry
Perspective projections
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3D Geometry
Perspective projections

For lines in a plane, vanishing points define a line called horizon line.  
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Single View Geometry

Camera Model: Projection parallel or perspective ?
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Single View Geometry

In practice the mostly used camera model is the pinhole model: 

Forsyth & Ponce, computer vision book

And the full transformation from 3D to 2D is modeled as a projective transformation that 
includes a perspective projection.
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Single View Geometry

x
Rc

z

y

optical axis

Rr

Ri
u

v

f

Rw

The full transformation is composed of: 

1. A rigid transformation between the world coordinate 
frame and the camera coordinate frame: Rw -> Rc.

2. A perspective projection into the retinal plane: Rc -> Rr.

3. A 2D transformation from retinal coordinates to image 
pixel coordinates: Rr -> Ri
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Single View Geometry
Retinal to image plane transformation:  

optical axis

x

y

v

u(0,0) Sensor pixel grid

Retinal plane
(u0,v0)

where:  
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Single View Geometry
The global transformation:  
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Single View Geometry
The global transformation:  
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Single View Geometry
The global transformation:  

When pixels on the sensor are not rectangular:
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Single View Geometry
The global transformation considered in practice (no distinction between scale factors and the focal length) :  

Where:
1. K is the 3x3 intrinsic parameter matrix, i.e. the camera intrinsics. 
2. [R T] is the 3x4 extrinsic parameter matrix, i.e. the camera location.  

A camera is therefore described by 11 parameters which corresponds the degree of freedom of a 3x4 
projective matrix. The calibration of camera consists in estimating the matrix M and the camera parameters. 
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Single View Geometry
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Single View Geometry

x

y

z

Rw

Application: Coplanar points  

Assume, without loss of generality,  that points belong to the plane z=0,  then:
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Single View Geometry

Thus:

The projection in this case is therefore a 2D projective transformation of the plane.

What can be deduced for the transformation between two perspectives projections of coplanar points ?
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Single View Geometry
Coplanar points: The orthographic case with the origin of the camera coordinate frame in the image plane: 

With an infinite focal length and assuming the observed to be in the plane z=0 in the world coordinate frame: 

Thus:

The projection in this case is therefore a 2D affine transformation of the plane. 38


